This paper establishes one common coincident point theorem and three unique common fixed point theorems for four self-maps in D-metric spaces, which improve and generalize, significantly, the results of Dhage et al. (2003) , Dhage (1999), and Rhoades (2003) under weaker assumption using a more general contractive condition. An example, in support of these theorems, has also been constructed. All the results of this paper are new.
Introduction
Motivated by the measures of nearness between two or more objects with respect to a specific property, called the parameter of the nearness, Dhage [1] introduced the generalized metric space or D-metric space in 1992. He proved some results on fixed points for a self-map satisfying a contraction for complete and bounded D-metric spaces. Rhoades [5] generalized Dhage's contractive condition by increasing the number of factors and proved the existence of unique fixed point of a self-map in a D-metric space. Assuming a bit different contractive condition, Dhage [3] proved the existence of unique common fixed point of two self-maps. At the same time, Dhage [2] termed a pair of self-maps ( f ,g) in a D-metric space X to be coincidentally commuting (or weak compatible) if f y = g y, for some y ∈ X, then g f y = f g y. Recently, Dhage et al. [4] have introduced the notion of limit coincidentally commuting (or limit weak compatible) maps and proved the existence of unique common fixed point of four self-maps in a D-metric space. It has been proved that limit weak compatibility (or limit coincidentally commuting) implies weak compatibility but the converse is not true as it is shown by Example 2.7.
While studying the papers of Dhage et al. [4] and Rhoades [6] , it was felt strongly that the domain of z should be restricted to some orbit for otherwise; the whole space X becomes a single point as proved in Theorem 3.4. In that case, the single self-map is the identity map, which trivially has the fixed point, and the notion of common fixed point does not stand separately. Also, the domain of completeness assumed there has been felt to be restricted even after increasing number of factors in the contractive condition. The present paper is an effort in the same direction. Then the points of coincidence of f and g are {1, 2}. We have g f (1) = f g(1) = 1 and g f (2) = f g(2) = 2. Therefore, ( f ,g) is weak compatible. Taking x n = 2 − 1/2n, for all n, then f x n → 1 and gx n → 1, f gx n → 2 and g f x n → 1. Hence, lim n→∞ f x n = lim n→∞ gx n but lim n→∞ f gx n = lim n→∞ g f x n .
Thus the pair ( f ,g) is weak compatible. But it is not limit weak compatible. Proof. Let {x n } → x and {x n } → y in a D-metric space (X,ρ). Now
implies that ρ(x, y,x) = 0, as ρ is continuous in two variables. Thus, x = y. Hence limit of a sequence is unique, if it exists.
Proposition 2.9 [4] . Every sequence {x n } ⊂ X satisfying
4)
for all n ∈ N and z ∈ {x n }, where
5)
where
Lemma 2.11 (D-Cauchy principle [3] ). Let {x n } ⊆ X be bounded with D-bound k satisfying
7)
where φ : R + → R + , φ is continuous, is nondeceasing, and n φ n (t) < ∞, for each t ∈ R + , then {x n } is a D-Cauchy sequence.
Throughout this paper, we assume that (X,ρ) is a D-metric space with ρ continuous in two variables. 2476 Fixed points of four self-maps in D-metric spaces
Main results
Before proving main results, we need the following coincidence point theorem for four self-maps in a D-metric space. 
Therefore, ρ(α,Bx 2n+1 ,α) = 0, which gives α = Bx 2n+1 or y 2n+2 = α. Hence,
Again from (3.1), we have ρ y 2n+1 , y 2n+2 ,z ≤ λρ y 2n , y 2n+1 ,z , ∀z ∈ y n . (3.5)
Using (3.4), we get 6) which is a contradiction. Therefore ρ(α,α,z) = 0, which gives α = z, z ∈ {y n }. Therefore by Propositions 2.9, 2.10, and by Lemma 2.11, the sequence {y n } is a D-Cauchy sequence. As {y n } is complete, there exists u ∈ X such that lim n→∞ {y n } = u.
Letting n → ∞, we get
This is a contradiction. Therefore
which gives u = z, z ∈ {y n }, that is, y n = u, for all n, which contradicts our assumption (B). Therefore, Case 2 cannot occur.This proves (i).
(ii), (iii) From (A), we have
Hence for all n, we have
Thus,
Thus all points of sequence {x 2n } are points of coincidence of pair (A,S) and all points of sequence {x 2n+1 } are points of coincidence of pair (B,T). The rest of the theorem follows from (3.12). 
where k = δ({y n }).
We remark that, from Theorem 3.1, it follows that {y n } is a singleton. Therefore, the convergence of {y n } in X becomes a trivial case. 
Theorem 3.4. Let A,B,S,T : X → X be four self-maps of a D-metric space (X,ρ) satisfying A(X) ⊆ T(X) and B(X) ⊆ S(X), and
for all x, y,z ∈ X, where 0 ≤ λ < 1. Assume that for some x 0 ∈ X, the sequence {y n } defined by Ax 2n = Sx 2n+1 = y 2n+1 and Bx 2n+1 = Sx 2n+2 = y 2n+2 , for all n, is complete. Then X is a singleton. Thus
In [4] , {y n } has been denoted by O A,B (S,T,x 0 ).
Proof. Construct sequences {x n } and {y n } in X as done above.
Similarly, if we take
Thus, {y n } satisfies (3.1) and it is complete, by assumption. Therefore from Theorem 3.1, y n = α, for all n ∈ N . Putting x = x 2n , y = x 2n+1 and z ∈ X in (3.15), we get that 
which is a contradiction. Therefore ρ(α,α,z) = 0 which gives α = z, for all z ∈ X. Thus, , and not its closure, has been assumed to be complete at some point x 0 ∈ X and it has been concluded that X = {α}, a singleton. It follows that A = B = S = T = I, the identity map on X and the existence of their unique common fixed point are trivially true in this case. In the following example, we have a nonsingleton space, in which four discontinuous maps, not satisfying contraction (3.15), still possess a unique common fixed point. Let x n = 1/n. Define self-maps A, B, S, and T on X as follows: From this example, we conclude that by restricting the domains of variables x, y, z in (3.15), (i) the D-metric space may be nonsingleton;
(ii) even if we reduce the domain of x, y, z in (3.15), the self-maps A, B, S, and T may have a unique common fixed point in X, without being continuous. In the following two theorems, we pursue these two points by restricting that the domains of x, y, and z are strengthening the (three-factor) λ-contraction of [4] to a general φ-contraction of five factors in an unbounded incomplete D-metric space.
In [6] , Rhoades has defined the family of functions Φ, Φ = {φ : R + → R + ,φ is continuous, nondeceasing, and φ(t) < t, for each t > 0}. It is clear that φ(0) = 0.
Before proving Theorems 3.9 and 3.12 for four self-maps, we need to prove the following lemma. implies that
Lemma 3.8. Let A, B, S, and T be self-maps on a D-metric space (X,ρ) such that A(X) ⊆ T(X) and B(X) ⊆ S(X).
In particular, we have γ n < γ n−1 , for all n > 1. Therefore, {γ n } is a steadily decreasing sequence of positive numbers, which must tend to a limit (say) γ(≥ 0).
Letting n → ∞ in (3.33),
which is a contradiction. Therefore, γ = 0. Again, ρ y n , y n+p , y n+p+t ≤ γ n , (3.35) which tends to 0 as n → ∞. Hence {y n } is a D-Cauchy sequence in X. for all x ∈ {x 2n }, y ∈ {x 2n+1 }, and z ∈ {y n } ∪ {Ay n } ∪ {B y n }.
Theorem 3.9. Let A, B, S, and T be four self-maps of D-metric space (X,ρ), with ρ continuous in two variables satisfying (1) A(X) ⊆ T(X) and B(X) ⊆ S(X);

Then, A, B, S, and T have a common fixed point in X.
Further, this common fixed point will be unique if Theorem 3.9(4) holds for all x ∈ {x 2n }, y ∈ {x 2n+1 }, and z ∈ {y n } ∪ {Ay n } ∪ {B y n } ∪ C, where C is the set of all common fixed points of A, B, S, and T.
Proof. Let x 0 ∈ X be a point in X. Construct sequences {x n } and {y n } in X such that Ax 2n = Tx 2n+1 = y 2n+1 and Bx 2n+1 = Sx 2n+2 = y 2n+2 , for all n. Now by Lemma 3.8, {y n } is D-Cauchy sequence. Therefore, {y n } converges to some u ∈ X. Also
Step 1. Putting x = x 2n , y = x 2n+1 in Theorem 3.9(4), we get Letting n → ∞, using (3.37), and (3.38), we get
which is not true. Therefore ρ(u,u,z) = 0. Hence
Hence u = y n , for all n and Au = Bu = u.
Step 2. As y 1 = y 2 = u implies that Tx 1 = Bx 1 = u. As (B,T) is weak compatible, so we have
Also y 2 = y 3 = u implies that Sx 2 = Ax 2 = u. As (A,S) is weak compatible, so we have
Therefore, Au = Bu = Su = Tu = u, that is, u is a common fixed point of A, B, S, and T.
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Step 3 (uniqueness). Let v ∈ C. Putting x = x 2n , y = x 2n+1 , and z = v in Theorem 3.9(4) and letting n → ∞, we get
Therefore v = u, that is, u is the unique common fixed point of A, B, S, and T.
Note. Uniqueness also holds if Theorem 3.9(4) holds for all x ∈ {x 2n } ∪ C, y ∈ {x 2n+1 } ∪ C, and z ∈ {y n } ∪ {Ay n } ∪ {B y n }. In this case, we may take x = v, y = v, and z = u in Theorem 3.9(4). Hence, we get v = u. (2), (3), and
for all x ∈ {x 2n }, y ∈ {x 2n+1 }, and z ∈ {y n } ∪ {Ay n } ∪ {B y n } ∪ C, where C is the set of all common fixed points of A, B, S, and T.
Then, A, B, S, and T have a common fixed point in X.
Proof. Result follows from Theorem 3.9, by taking φ(t) = λ(t), for all t ∈ R + , for some λ ∈ [0,1), and by restricting the maximum to only the first three factors of Theorem 3.9(4). Again, we establish another unique common fixed point theorem for four noncontinuous self-maps without requiring limit weak compatibility of the pairs, for a nontrivial, unbounded, incomplete D-metric space. for all x ∈ {x 2n } ∪ {y n }, y ∈ {x 2n+1 } ∪ {y n }, and z = Ax, z = By, z ∈ {y n }. Letting n → ∞ and using (3.37) and (3.38), we get
which is not true. Therefore ρ(u,u,z) = 0, which gives
Hence (3.42) and (3.43) still hold good.
We will now prove that Au = u.
Step 5. Putting x = u, y = x 2n+1 , and z = u in (3.46), letting n → ∞ and using Au = Su, we get Step 7 (uniqueness). Let v be another common fixed point of the pair (A,S), that is, v ∈ C 1 . (I) Putting x = v, y = x 2n+1 , and z = v(= Av) in (3.46) letting n → ∞ using (3.38) and for all x ∈ {x 2n } ∪ {y n }, y ∈ {x 2n+1 } ∪ {y n }, and z ∈ Ax or z ∈ By or z ∈ {y n }.
Further, this fixed point is unique if one of the following is true.
(i) ( * ) holds for x ∈ {x 2n } ∪ {y n } ∪ C 1 , y ∈ {x 2n+1 } ∪ {y n }, z = Ax, z = By, z ∈ {y n }, where C 1 is the set of all common fixed points of the pair (A,S). (ii) ( * ) holds for x ∈ {x 2n } ∪ {y n }, y ∈ {x 2n+1 } ∪ {y n } ∪ C 2 , z = Ax, z = By, z ∈ {y n }, where C 2 is the set of all common fixed points of the pair (B,T). (iii) ( * ) holds for x ∈ {x 2n } ∪ {y n }, y ∈ {x 2n+1 } ∪ {y n }, z = Ax, z = By, z ∈ {y n } ∪ C, where C is the set of all common fixed points of A, B, S, and T.
Proof. Result follows from Theorem 3.12 by taking φ(t) = λt, t ∈ R + , and restricting the maximum to the first three factors of (3.46).
